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Abstract. We study partially-hyperbolic skew-product maps over the 
Bernoulli shift with Holder dependence on the base points. In the case 
of contracting fiber maps, symbolic blender-horseshoe is defined as an 
invariant set which meets any almost horizontal disk in a robust sense. 
These invariant sets are understood as blenders with center stable bundle 
of any dimension. We then give necessary conditions (covering property) 
on an iterated function system such that the relevant skew-product has a 
symbolic blender-horseshoe. We use this local plug to yield robustly non- 
hyperbolic transitive diffeomorphisms and robust heterodimensional cy- 
cles of co-index equal to the dimension of the central direction. 



1. Introduction 

Currently hyperbolic systems are quite well understood from the topo- 
logical and statistical perspectives, see [BDV05]. A natural objective is to 
characterize obstructions to hyperbolicity. In [PalOO], Palis conjectured that 
generation of cycles (heterodimensional cycles and homoclinic tangencies) is 
the only obstruction: every diffeomorphism can be approximated either by 
a hyperbolic one or by one with a cycle. This conjecture was proved for sur- 
face C^-diffeomorphisms in [PSOO] and in higher dimensions there are some 
partial results, see [CPIO]. 

On the other hand, dynamical properties which exhibit some "persistence" 
play an important role in dynamics. A property of a diffeomorphism is ro- 
bust if there is a neighborhood consisting of diffeomorphisms satisfying such 
a property. Bearing in mind this concept, for the C^-case Bonatti formu- 
lated in [Bon04] a strong version of "hyperbolicity versus cycles" conjecture: 
the set of hyperbolic diffeomorphisms and the set of diffeomorphisms with 
robust cycles are two open sets whose union is dense in the space of C^- 
diffeomorphisms. This conjecture was proved in [BD08] for the so-called 
"tame systems". 

In this paper we study the generation of C^-robust cycles continuing 
the work of [BD08, BD12]. One of the main tools used are the so-called 
"blenders", which are hyperbolic sets in some sense similar to the thick horse- 
shoes introduced by Newhouse [New70] in the setting of homoclinic tangen- 
cies. Roughly, a blender is a local plug that guarantees the closure of an 
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invariant manifold of a hyperbolic set to be greater than the dimension of 
its unstable bundle. 

Besides playing a key role in the generation of robust cycles (see [BD08, 
BD12]), blenders are also important in other settings such as construction 
of non- hyperbolic robustly transitive sets [BD96], discontinuity of the di- 
mension of hyperbolic sets [BDV95], stable ergodicity [RHRHTU07], and 
difusion in symplectic and Hamiltonian settings [NP12]. 

The papers [BD96, BD08, BDr2] consider blenders having a one-dimensional 
"central" direction, see Definition 1.1. Here, following the ideas in [NP12] we 
study blenders with "central" direction of any dimension, which enables us 
to consider these sets in more general settings. 

Blenders appear in a natural way in the context of skew-product diffeo- 
morphisms 

/ : [-1, 1]" X [-1, 1] ^ M" X R, fix, y) = {F{x), ^{x, y)), 

where n > 2, F: M" — )■ M" has a horseshoe A C [—1, 1]", and the fiber maps 
(p{x, ■): M — 7> M are contractions. Since F\\ is conjugate to a shift, this map 
can be studied symbolically. This leads to consider symbolic skew-product 
maps ^ over the shift map r : = {1, . . . , k}'^ ^ of A; > 2 symbols of 
the form 

<I>:SfcxM^SfcxM, ^^,x) = {t{0,M^))^ (1-1) 

where M is a manifold and (j)^ : M ^ M are diffeomorphisms depending 
continuously with respect to ^. The set is called base and M is the 
fiber. In this paper we will work with maps of the form (1.1) and in order to 
emphasize the role of the fiber maps we write ^ = t t< (j)^. 

1.1. Symbolic blender- horseshoes. Before introducing symbolic blender- 
horseshoes let us recall the definition of a blender (with one-dimensional 
center contracting direction) in [BDV05, BD12]: 

Definition 1.1 (cs- blenders). Let f be a -diffeomorphism of compact 
manifold M and T d M a transitive hyperbolic set of f with a dominated 
splitting of the form © E""" © where its stable bundle E" = E""" © E^^ 
has dimension equal to k > 2 and E'^^ is one- dimensional. The set T is a 
cs-blender if it has a C^-robust superposition region of embedding disks Ti, 
that is, there are a -neighborhood V of f and a C^-open set % of embed- 
dings ofk — l dimensional disks H into M such that for every diffeomorphism 
g V, every disk H G 7i intersects the local unstable manifold Wl^^{Tg) of 
the continuation Tg ofV for g. 

The definition of symbolic blender-horseshoe involves a set 5^'"^(D) of 
symbolic skew-product maps of the form (1.1), where D is a bounded open set 
of M, k is the number of symbols of the shift map, and 0<a<l,0<A</3 
refer to the Holder exponent and the contraction/expansion constants of the 
fiber maps, respectively. See the precise definitions in Section 1.5. 

To adapt the definition of a blender to the symbolic context we need to 
define the family of almost horizontal disks, which provides the superposition 
region. 



SYMBOLIC BLENDER-HORSESHOES AND APPLICATIONS 



3 



Definition 1.2 (Almost horizontal disks). Consider Sf^''^ ^^{D) . Given 6 > 
and an open set B d D , we say that C T,^ x M is an almost (5-horizontal 
disk inTjk^ B if there are [C^z) € x i? and a {a, C) -Holder function 

h : l^zoc(C;^) ^ B such that \\z - < 5 for all ^ G Wfo,(C;r), 

with 

Cu^<5 and = {{iMi)) ■ UWiI,{Q-t)}. 

Here Wi^J(^C,]t) == € : = Qi, i > 0} is the local stable set of C, for r 
and < < 1 such that dY,^{T{i),T{C)) = v for all ^ € Wi^^{C,]t). 

We are now ready to formulate the definition of a symbolic blender. 

Definition 1.3 (Symbolic cs- blender-horseshoe) . Consider a symbolic skew- 
product map $ G SI'IpiD) with /3 < 1 anda>Q. 

The maximal invariant set r$ of ^ in T,k ^ D is a symbolic cs-blender- 
horseshoe if there are 6 > 0, a non-empty open set B C D, and a neighbor- 
hood V of ^ in iS^'^^(D) such that for every € V and every 6-horizontal 

disk in Tik x B it holds that * 

where Fij, is the maximal invariant set of ^ in x D. 

The family of 5-horizontal disks in Ti^xB is called the superposition region 
of the symbolic blenders and the open set B is the superposition domain. 

1.2. Iterated function systems, and generation of blenders. A special 
case of symbolic skew-product maps are the one-step ones where the fiber 
maps i;^^ only depend on the coordinate of ^ = (COieZ G '^k- So, we 
have that (f>^ = (pi if = h ^-nd write $ = r x ((pi, . . . , i^^). In this paper, 
blender-horseshoes are obtained by small perturbations in »5^'"^(-D) of one- 
step skew-product maps. 

Blenders in the one-step setting (see Definition 3.1) were first introduced 
in [NP12] where the fiber maps satisfy the covering and well- distribution of 
periodic points properties. Our construction does not use the well-distribution 
property (compare with [NP12, Proposition 3.6]), but involves the so-called 
Hutchinson theory for iterated function systems [HutSl], defined as follows. 

Given maps (pi, . . . , (p).: D D, we denote by IFS((^i, . . . , (pk), the set of 
all compositions of the maps (pi, . . . ,(pk and will refer to this as the associated 
iterated function system (or IPS) of the one-step map <I> = r x ((pi, . . . ,(pj^). 

The IFS($) == IFS((/)i, . . . , (pk) has the covering property if there is an open 
set B C D such that 

B cMB)^---U(Pk{B). 

One objective of this paper is to understand how do dynamical properties 
of IFS($) translate to robust properties of <I> = r x ((pi, . . . , (p^) under per- 
turbations in Sj^''^p{D). Our main result describes the relation between the 
covering property and the existence of blenders. 

The exact definition of the local strong unstable set of Fa/ is given in Section 2. By 
Theorem 2.9, it follows that W;""(r*; *) = and ^Ir^^ is conjugated to tIe^ for all 
* e Sl'^^p{D) with /3 < 1 and a > 0. 
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Theorem A. Consider <I> = r x (01, . . . , 0^) E '^^'"^(-D) ifii/i a > and 
< A < /3 < 1. Assume that there exists an open set B d D such that 

B CMB)U---UMB). 

Then the maximal invariant set r$ of ^ inTi^x D is a symbolic cs-blender- 
horseshoe for $ whose superposition domain contains B. 

1.3. Applications: robust heterodimensional cycles and mixing sets. 

Our strategy is to give conditions on the IFS which will imply that the as- 
sociated one-step skew-product map has a symbolic cycle or is mixing (see 
Definition 5.4). Then, one studies the robustness of these properties under 
perturbations in the symbolic setting (see Theorems 5.5 and 5.10). Finally, 
the smooth realization of the one-step skew-product shows that the corre- 
sponding property is robust in the C^-topology (Proposition 5.2). We now 
state precisely our applications. 

A heterodimensional cycle for a diffeomorphism / E Diff^(M) between a 
pair of hyperbolic transitive sets Oi and of different indices (dimension 
of their stable bundles) is defined by the relations 

VF^(Oi,/)nW^"(O2,/)7^0 and VF«(Oi, /) n ^^^(^2, /) 7^ 0- 
The co-index is the absolute value of the difference between the indices of 
Qi,0,2- We are interested in cycles that cannot be destroyed by perturbations. 

Definition 1.4 (Robust heterodimensional cycle). A diffeomorphism f has 
a C^-robust heterodimensional cycle associated with its transitive hyperbolic 
sets r^i and if there is a -neighborhood U of f such that every g £ U 
has a heterodimensional cycle associated with the hyperbolic continuations 
and of Qi and 0,2, respectively. 

In [BD08] it is proved that cycles of co-index one yield C^-robust cycles 
after small perturbations. A key ingredient is the construction of blenders 
with one dimensional center-stable direction. Here we consider F: N N a 
C^-diffeomorphism with a horseshoe and M a manifold of dimension c > 1. 
We prove that there are maps arbitrarily close to -F x id having robust cycles. 
The following result is a generalization of [BD08, Theorem 2.4]. 

Theorem B. Let F : N ^ N be a - diffeomorphism with a Smale horse- 
shoe. Then there is an arc {fe}e&{0,eo\ -diffeomorphisms on N x M 
such that /o = -F X id and has a -robust heterodimensional cycle of 
co-index c for all < e < Eq. 

The construction in [BD96] of persistent non-hyperbolic transitive diffeo- 
morphisms used a "chain of blenders", which is a connected family of blenders. 
Here, we provide an alternative construction with symbolic blenders, thus 
obtaining a slightly stronger, topologically mixing, version of the theorem. 
An invariant set X is topologically mixing for a map g if for any pair of open 
sets U,V of X there is a no > such that g^{U) (IV ^$ for all n > uq. 

Theorem C. Let F : N ^ N be a -diffeomorphism with a Smale horse- 
shoe A. Then there is an arc {fe}e&{0,£o\ of -diffeomorphisms on N x M 
such that /o = -F X id and for every small enough -perturbation g of f^, 
< e < Eq, there is a g-invariant set Ag <Z N x M homeomorphic to A x M 
which is a non-hyperbolic topologically mixing set for g. 
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1.4. Organization of the paper. In the next section we wih study sym- 
bohc skew-products in with /3 < 1, and properties of the maximal 

invariant set in Sy^ x D. In Section 3 we will look at symbolic blender- 
horseshoes in the one-step setting and then prove Theorem A in Section 4. 
Finally, in Section 5, we will prove Theorems B and C. 

1.5. The set of symbolic skew-products. Given positive constants < 
A < /3, a map (j): D D is said to be a (A, f3)-Lipschitz on D if 

A ||x - y\\ < \\cl){x) - (/)(y)|| < P \\x - y\\, for all x,y £ D, 

where || • || is the metric of M and — y|| denotes the distance between x and 
y in M. For a fixed < a < 1, we say that <I> = r x 0^ is locally a-Holder 
continuous (or that its fiber maps (/>^ depend locally a-Holder continuously 
on D with respect to the base point ^) if there is a constant C > such that 

Uf{x) - <pf{x)\\ < Cdj:^{tCr for all x gD (1.2) 

and every ^, C S with = Coi where d-^^ is the metric defined by 

rfs, (e, C) = ^ = min{i £Z+:C,^Ci or / C-i}, < < 1. 

We denote by C$ the smallest non-negative constant satisfying (1.2) and call 
it the local Holder constant of $ on D. 

Definition 1.5 (Sets of symbolic skew-products). Let D C M be a bounded 
open set, r>0, 0<A</3, 0<a<l and k > 1. We define 5^'"^(D) as 
the set of symbolic skew-product maps <I> = r k as in (1.1) such that 

• (p^ is C^' -{X, f3)-Lipschitz on D for all ^ € S^, 

• (p^ depends locally a-Holder continuously on D with respect to ^, 

• if f3 < 1 then 4'^{D) C D for all ^ € S^, and 

• ^/ 1< A then D C <l)i:{D) for all ^ G Sfc. 

The set S^'^ i^{D) is endowed with the distance 

dsi'^,^) = sup dcri<P^,ij^) + |C$ - C^l (1.3) 

where <I> = r x (/>^ anc? ^' = r x 

1.6. Standing notation. Given a bi-sequence ^ = (. . . , '^ii • • •) ^ ^fc 
the symbol at the right of ";" is the "0 coordinate" of ^. Given $ = r x 0^, 
for every n > and every (^, x) € x D we set 

</,^(rE) = (/)^„_i(^) o • • • o (/)^(x), ^^^^ 

(^^(x) = 0;_\„_i)(^) o . . . o ,^-i(x). 

Note that for every n > 0, 

cI>"(e,x) = (r"(O,0^(x)) and <^~^i^, x) = iT-^{OA;^^Ax)). 
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1.7. cn-blenders. To define a symbolic cn-blender-horseshoe, firstly we need 
to introduce the associated inverse symbolic skew-product for $ = r ix 0^. 
Given $ = r x 0^ G the symbolic skew-product 

where (p^ : M ^ M given by = (j)^li^^,^{x), is called the associated 

inverse skew-product for <I>. Here 

r = (...6;eo,e-i,...) 

denotes the conjugate sequence of ^ = (. . . C-iiCoiCii • • •)■ Note that since 
= then iterates of correspond to iterates of <I>~^. This 

observation allows us to define symbolic cn-blender-horseshoes for skew- 
products in with A > 1 and a > 0. Namely, symbolic cu-blender- 
horseshoe for <I> is defined as a symbolic cs-blender-horseshoe for 

For the rest of the article we just consider symbolic cs- blender-horseshoes, 
calling them for short symbolic blenders. We also fix the following quantities: 
the number A; > 2 of symbols, the contractivity ratio < < 1 of shift map 
r : Sfc — > Syfc, the Holder exponent < a < 1, the non-empty bounded open 
set D and the local Lipschitz constants A and /3. Thus, for simplicity we just 
write S in the place of 

2. Symbolic skew-products 

In this section given ^ = t (p^ S with < A < /? < 1 and a > 
we study the maximal invariant set r$ of $ in x D. We will prove that 
^|r$ is conjugated to t|sj., Wl^(T^; $) = r$ and the projection of r<j, in M 
depends continuously in the Hausdorff metric on ^ (see Theorem 2.9). This 
is a version of well-known results from [HPS 77] in our setting of symbolic 
skew-products. 

2.1. Invariant graph. The invariant graph theorem is an important tool to 
understand symbolic blenders. Next result claims the existence of a "unique 
invariant attracting graph" on Sfc x D for $ G 5. Indeed these graphs depend 
continuously on The theorem below is a reformulation of the results in 
[HPS77] (see also [Sta99, Theorem 1.1] and [BHN99, Section 6] for Item (iii)). 
Given a function g : Tik D its graph map is defined by 

graphb] : ^ x M, graph^KC) = (C, g{0) 
and its graph set by Tg = image(graph[g]) = {(^,5(0) : C ^ Sfc} C x D. 

Theorem 2.1 ([HPS77, Sta99, BHN99]). Consider ^ = t t< e S with 
/3 < 1 and a > 0. Then there exists a unique bounded continuous function 
g^ : Tik ^ D such that 

^(e, 51.(0) = {T{C),g^oT{C)),forallC€^k, that is, ^TgJ=rg^, 
a) for every (^,x) ^Tik ^ D and n > 0, it holds 

w^{x)-g^{T^{m\<n\9m-xi 

iii) the map C : S ^ C^{T,k,D) given by C{^) = g^ is continuous. 
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For notational simplicity in what follows we just write r$ in place of Tg^ 
to denote the unique contracting invariant graph set. The next proposition 
shows that r$ is the locally maximal invariant set in x D. 

Proposition 2.2. Consider <I> = r x € 5 with /3 < 1 and a > 0. Then 

i) the restriction $|r.j of ^ to the set r$ is conjugate to t, and 
a) the graph set r$ is the (forward) maximal invariant set in x D 

r$ = fl X D) = X D). 

Proof. By (i) in Theorem 2.1, one has that $ o graph[5$] = graph[(7$] o r. 
Hence the function graph[(j($] conjugates the maps $|r,j and r. To get the 
continuity note that graph[(7<j,] is continuous and that graph[(7$]~^ : x 
M — > Sfc is the projection on the first coordinate. Thus it is also continuous 
and we conclude Item (i) of the proposition. 

Recall that periodic points of the shift map r are dense in S^, that is, 
Sfc = Per(r). The conjugation in the first part of this proposition implies 
that 

r$ = Per($|rJ. 
Let r be the local maximal invariant set of <I> in x D, 

T=f] X D), 

then r$ C r. 

To prove that F C F$, given any G F it is enough to see that 

X = g^{^)- As the set F$ is bounded, we have that 

K = sup{d(7,F<i,),7 G F} € [0,+oo). 

Since the maps <j)^ are contractions with contraction constant < /3 < 1 we 
deduce that 

</3"||</>p(x)-0p(5$(e))|| 

= /3"d($-"(e, x), g<i>m < KI3^. 

Taking n — ?> oo we get x = g^{C) and so (^,x) E F<j,. Thus F C F$, proving 
the proposition. □ 

2.2. Unstable sets. In this section we study the relation between the set 
F$ and the unstable sets of points (^,x) E F$. We first show the existence 
of a strong unstable lamination. To this end, we define the local unstable 
set of ^ for r as 

and the unstable set of x) for <^ as 

T^"((^,x);<I>)'='{(C,y)GS, xM: lim d{<^~^{Q,y),^~^{i,x)) = Q] . 
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Proposition 2.3. Consider ^ = t K (p^ £ S with /3 < I, a > 0, and let r$ 
be the maximal invariant set of ^ in Syt x D. Then, there exists a partition 

w?., = Woc((e,^);^): {tx)€r^} 

of r$ such that for every x) € r<j, it holds 

i) VF^oc (('^' ^) graph of an a-Holder map : W;"^(^; r) — > M, 

^^^) = j-^^") for all i" S W^.M'^ r), 

iv) 4>;^,^^,^ o = 7^1(5) o T-i(C') where ^ G W^^^iC^r), and 

Proof. Let (C^x) € r$. Note that x = g^{C) and that (</'"-n(^))~^ = (p~-i(^^y 
indeed: 

We define a sequence of maps 7^'" : Wl^^{£,; r) — )• M by 

Note that {7^'"} is a sequence in the complete metric space C'^(VF;"^(^; r), M). 

Lemma 2.4. T/ie sequence {7^'"} is Cauchy sequence and so it converges 
to some continuous map 7^ : r) M. 

Proof. Since 13, u < 1, to prove the first part in the lemma it is enough to 
see that 

ii7r'"'(0 -7r(^')ii < c$(/5z^")"+^d2,(e,e'r- (2.1) 

To prove this inequality first recall notation in (1.4) and observe that Item (i) 
of Theorem 2.1 implies that for every n > and ^ S 

=5$ot"(0 and ^;\^^og^{^)=g^oT-^{^). (2.2) 
Since (j)^{D) C D for all ^ G S^, then for every < i < n 

To prove the inequality in (2.1), observe that ||7^'"'^^('?') ~7|'"(C')II equal 
to 

< /3'^||(/)^-„-i(^,) o 0~_^„_i^^^ o (?!>^-i(^) o 5r$(^) - 

As i?5>~"i^^^ o g$(^) G D, then local Holder continuity implies 

Il7r^'(e') -7^(011 < /3"+'C^*^E,(r-""H0,r-""i(O)" 

<C$(/3z.")"+ids,(^,0°- 
The proof of the lemma is now complete. □ 
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To prove that Wp is a partition of r$ we need to show that M^;"^ ■'^) > ^) 
is contained in r$ for all (,^, x) S r$. To do this let 

(^',x') = (e',7c(0)e^roc((e,^);^). 

From (2.2) and noting that x = g^{^) we have that 

Since the maps (p^ are /3-contractions and : Tik ^ D, if K is an upper 
bound of the diameter of D we get that 

||ff$(e')-7|(e')ll < lim ni5<i.or-"(O-5*°T-"(0ll < Hm = 0. 
Thus = 7|'(^') = x' and so G r$. That is, 

P^^oc ((e, x); $) C r^. for all (e, x) G T*. 
Indeed, we have proved that ^^{(,') = g^{£,') for all ^' G ^u,c(.^It)i pi'ov- 
ing (ii). In particular, j^iC") = = l^'iC") for all G W^;^,(?;r), 

which proves (iii). 

To prove that is an a-Holder map (Item (i)) first note that by the 
triangle inequality 

Il7|'"(e') - x\\ = ||7f "(eO - 7|'"(0II < E ^.(eO (2.3) 

i=l 

where x = g^{(,) and Sj(^') is given by 

Claim 2.5. Si(e') < C$(/3i/°)"-^dE, (C, ?')"> M et'ery i G {1, . . . ,n}. 
We postpone the proof of this claim. Taking n — ?> 00 in (2.3) we get 
hr (CO -71(611 < C,dE,(e',e)" for all e G W^l^i^-r) , 
where = C$(l — /3i^")~^, showing j"^ is ct-Holder. Indeed for G 
^«oc(?;'^) observe that 7^(^') = 7«(^') and 7|(^") = 7|,(C")- Thus 

||7|(6) -7^^)11 = Il75'(?') -75'(^")ll < C,d^,{e,er- 
Note that the Holder constant obtained is uniform on ^ and x = g^{£,)- 

Proof of Claim 2.5. For every iG{l,...,n}, we have that 

< C$ dE, (t-"-i+XC'), r-"-^+'(C))" 

<(/3z.°)"-C7$dE,(C',0", 
where the first inequality follows from the /3-contraction of (j)^, and the second 
one from the a-Holder continuity of (p^. □ 



10 BARRIENTOS, KI & RAIBEKAS 

This completes the proof of Item (i). 
To prove Item (iv) observe that 

where equality (2.4) is consequence of (2.2): (^"ij^^^ o g^{^) = °t~^{^). 

Now we prove Item (v): VF;^^((C, x); $) C VF"((C, x); $). Consider (^', j;') € 
Wl^^{{^,x)-<^). Then ^ G W-^^cC^!^) and x' = 7|(^')- Thus, 

d(<i>-"(e',xO,^-"(e,x)) = 

= d^^ir-^iar-'^iO) + - K\o^^)\\ (2.5) 

< ^"rfE,(e',o + 11'^;" °7|(e') - 0;:\(5)(x)ii. 

Since (^,x) € r<j> we have x = g$(^), and using that 7"_„^^^ o t~"'(^) = 
5$ o r-"(C) = 0;ri(^)(2;) and o 7|(e') = 7^„(g) o T-"(e') we get 

ll'^;"(e)°7c"(n-<^;"(5)(^)ll = 

= ||7"-n(^) or""(C') -7"-n(^) or-"(e)|| < ^""d^, (C', 0"- 

This implies (2.5) goes to zero as n goes to infinity and therefore {S^',x') 
belongs to Vl^"((^, x); $). The proof of Item (v) and of the proposition is 
now complete. □ 

By construction, the sets of the partition Wp^ are the local strong unstable 
set Wi^^{{^,x); $) throughout the point (^,x) in r$. We define the (global) 
strong unstable set of (,^, x) G r<j, as 

W^^iitx);'^) = U <^^{wrji{<^-^i^,x);<^)). 

n>0 

Before stating the next proposition we denote by Per($) the set of periodic 
points of <I> and that ^ : x M — )• M is the projection on the fiber space. 

Proposition 2.6. Consider <I> = r x G 5 with (3 < 1, a > 0. Then 

i) VF""((C,x);$) = VF"((^,x);$) C r$ for all (^,x) G r$, and 

ii) for all periodic point (??,p) of ^ inTi^x D 

Kq> = ^(Per($)) r\D = ^(VF«((??,p); $)) = ^(r$) = 5$(Efc). 

Proof To prove the inclusion W^'^{{(,, x);^) C VF"((C, x); <I>) for all (^, x) in 
r$, we take (C',x') G T^""((^, x); $) and show that 

lim (i($~"(e', x'), $~"(C, a;)) = 0. (2.6) 

n— >oo 
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Since {£,',x') G W^^{{£,,x);^), by definition there are ?n G N and {(, z) G 
^/oc(^""'(^'^);^) such that {C',x') = ^"^(Cz). Let (ry,?/) = ^>-™(^,x). 
Note that (77,2/) G r$, (C, z) G and 

d{^-^{e, x'), cD-"(e, rr)) = d(c|.-(— ) (C, a>-(— ) (ry, y)). 

By Item (v) of Proposition 2.3, we have that ^^(""((r/, y); C y); ^) 

and thus it follows (2.6). 

Let us prove the converse inclusion: if G r$ then x); $) C 

x); Take (^', x') G 2;); $) and we have to show that there 

is m G N such that ^>-"^(^',x') G VF;^^(^>-"^(^, x); ^>). By definition of the 
unstable set, 



Since x) G r$ then (/)^"ij.^^(x) G .D for all n > 0. Thus there exists m G N 
such that 



T— (0€W^/oc(T-"^(e);T) and 0;l?J:^^(x')G A for every n > m. 
Write {r],y) = G r$ and (77',?/') = ^~"^{C,x'). Hence y = ^^(t?) 



From (2.7) and since /3 < 1, we get this limit is zero and so y' = 7^(V)- That 



is $-'"(C',x') G W,^^($-'"(^,x);$) and therefore {(',x') G VF""((C, x); $), 



concluding our assertion. 

Note, we proved that VF""((^, x); $) = VF"(^,x);$) for all (^, x) G r$. 
Then by Proposition 2.3, 1^"(^, x);$) C r$ ending the first item of the 
proposition. 

To prove Item (ii), consider a periodic point G Sfc of r and note that 
W^{'&;t) and Per(r) are both dense in S^. Using the conjugation in Propo- 
sition 2.2 and item (i), we get 



Per($|rJ = r$ = M^- ((7?, <7<i, (??));$) = W^-{{i^, g^^;^) . (2.8) 



If (??,p) G Sfc X D is a periodic point of from the assumption (j)^{D) C -D, 

we have that $"(??, p) G x Z) for all n G Z. Moreover, since g$ is the 

unique invariant graph of <I> restricted to x D, by Item (ii) in Theorem 2.1 
we get p = g^{'d). From this. 



Recalling that is the closure of projection by l!P of the periodic points 
of $ in D and since the projection ^ is a closed map and is a compact 
set. Equations (2.8) and (2.9) imply that 



^(r$) = ^{W^{{'d,p)- $)) = ^(Per($|r^)) = ^(Per($)) n D = K^. 



lim ds,(r-"(C'),T-"(C)) =0 and 

n^oo 

iHn^ll0;".(,,)(x')-0;".(,)(x)ii = o. 



(2.7) 




Per($|rJ = Per($|2^.^^) = Per(cl>) n (S^ x D). 



(2.9) 



12 BARRIENTOS, KI & RAIBEKAS 

Finally, by definition ^(r$) = and from the above equation = 

completing the proof. □ 

2.3. Continuation of the reference cube. In this subsection we will 
prove that depends continuously with respect to $. 
Given two subsets A and B oi D we define 

dH{A,B) = sup{d{a,B),d{b,A) ■.aeA,beB}, A, B e 1C{D). 

We have the following properties of dn- 
(HI) dH{A,B) = dH{A,B), 

(H2) dH{T{A),T{B)) < Up{T)dH{A,B) where T is a Lipschitz map, 
(H3) if Ai and Bi are non-empty subsets for all i in a set of index / then 



dH([jAi,[jBi) <supdHiA,Bi). 



i&I 



We consider the set fC{D) whose elements are the compact subsets of D 
endowed with the Hausdorff metric dn obtaining a complete metric space. 
Define the map 

^ : 5 ^ KiD), ^($) = K^. 

Note that by Proposition 2.6 we have E ^(D) for all $ € 5 and thus 
this map is well defined. 

Proposition 2.7. Consider <I> = r x c/;^ G 5 with f3 < 1, a > 0. Then, for 
each e > there is 6 > such that for every ^ = t k ip^ ^ S with 

dco{(t)^,'ii)^) < 6 it holds that duiK^, K^) = dui^i^), ■^{'^)) < e. 

Proof. Fix a small e > e > 0, let (5 = e(l — /3)/2 > 0. and take a fixed point 
€ Sfc of r. Since (j)^{D) C D, by Brouwer's fixed point theorem, there is 
€ D such that = P4>. Since the map (j)^ is a contraction, this fixed 

point is hyperbolic. Thus (1?,^$) is a fixed point of $ in S^. x D. 

If 6 is small enough then for every ^' = r x ?/^^ with d(jo{(j)^, < 5 there 
is p\fi D close to p$ which is a fixed point of tp,^. Then {'^,p^iJ) € 
is a fixed point of ^, called the continuation of {'djP^) € F$ for ^. Take 
= r X 0^ € by Proposition 2.6 the strong unstable set and the 

unstable set of (i?,pe) are equal. Thus 

^(T^"((,9,pe);e)) = U "^^°0"Woc((^,Pe);e)). 

n>0 

By Item (i) of Proposition 2.3, the graph set of 7^^^ : WI^^{'&;t) — > M is 
the local strong unstable set of (??,pe) for ©• Then for each n > 0, 

Hence by Proposition 2.6 



Ke = ^{W-{{^,pey, e)) = U EniQ), 6 = 



n>0 



By Item (H3) of properties of dn 



dH{K^,K^) < sup dH{En{^),En{^)). 
n>0 
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On the other hand, for each n > 0, we have that 

dH{Er,m,E^^{^)) < sup ||<^^7^,p,(0-V'F° 7^(011- (2.10) 

Fix ^ G Wll^^{'d;T), first we will estimate (2.10) for n = 0. 

Claim 2.8. 7^(0 = '/'"'-(S) ° 7^ ° ^^"(0 for allmGN and ^ G r). 

Proof. Recall that ""^ = (p~!^^^y by the notation in (1.4) and Item (iv) 

in Proposition 2.3 we get: 

^ V ' 

' V ' 

= 7^.w°r— (e) = 7>r— (e). □ 
Using the claim above, the triangle inequality and the /3-contraction of 0^, 







(Oil = 








= h 




o 7^,p^ o ^" 


"(O-C- 


^(5) ° 7^,pa, ° 


'™(OII 


<\V. 






"™(0-C- 


-(0 °7^,p* 


"(611 + 




+ \\€- 




or— (0- 


-C-™(0°7^,p^ 


or— (Oil 






or-™(e)- 


- 7^,p^ o r- 


'"(OIK 






+ IIC- 


'"(5) ° 7,?,pv[, 


or— (0- 




or— (Oil 



We may write the last inequality in the form (3"^ [A) + {B). By continuity 
and since ^ is in the local unstable manifold of the fixed point •& for r we get 

{A) = °^"'"(0 -7^ (Oil \\P^-P^\\. 

Hence the first term in the sum goes to zero as m — )■ oo. To estimate the 
term {B) recall that d(jo{(i)^,ip^) < 6. Thus 

||<A,-i(^) o o ^l^^ o r— (0 - o V'r-Ti(5) o 7^ o r— (Oil < 

Arguing inductively we obtain 

m—l s- 

IIC-"^(0 ° 7^,p, o r-(0 - ° 7^ o r-(0|| <6Y,P'< 

k=0 ^ 

Putting together the estimates for (^4) and (B) we get ||7^p^ (0~7^'p^ (Oil ^ 
5{1 - /3)~^ < e, proving (2.10) for n = 0. 
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Now, for each n > 1, with a similar calculation we obtain that 

Arguing analogously (using the triangle inequality and d(jo{(j)^,ii)^) < (5), we 
get that ||</'F°7^,p^(6-V'F°7^,p^(0ll <<5(l-/3)-i. Putting together these 
estimates and using that /3" < 1, we have that 

By (2.10) this implies dniK^^Kin) < sup (£'^^(^* ),-£'.„( ^')) < e < e, ending 
the proof of the proposition. □ 

The following theorem summarizes the results obtaining in this section: 
Theorem 2.9. Consider ^ G S^'" ^(D) with ^ < 1 and a > 0. Then 

r$ f] c^"(S, xD) = f] ci,-(s, X D). 

Moreover, the following holds: 

i) the restriction of ^ to r$ is conjugate to the full shift t of k symbols, 

ii) W^^{iC,x);^) = W^{{txy,<^) CT^for all iC,x)eT_^, 

Hi) there exists a unique continuous function : T^k ^ D such that for 
every periodic point (t?, p) of <1> it holds, 

i^(r$) = Per($) = A$ € }C{D) 

and 

r$ = W-{{d,p);^)) = {(e, <7$(0) : e G ^k), 
iv) the map : S^''^ ^{D) — t- JC{D) given by ^{^) = is continuous. 

As of consequence of the above theorem, one has that the local unstable 
set o/r$ for <I> defined as 

(5,x)Gr<i, 

is precisely r<j,. Indeed, 

T^cWiZ{r^;'^)c U w"((C,x);<f) cr$. 

Moreover, 

Ty"(r$;$) = {(e,x) G Sfc X M : lim d($-"(^, x), T^) = O} = T*. 
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3. Symbolic blenders in the one-step setting 

Let us introduce the definition given in [NP12] for one-step symbolic 
blenders. First consider the subset Q = ^ /si^) of 5 = S^^'"^ i^{D) consist- 
ing of one-step skew-product maps. 

Definition 3.1 (One-step symbolic cs-blender). Consider a one-step skew- 
product map <I> G Q with f3 < 1. 

The maximal invariant set r$ of ^ in x D is a one-step symbolic cs- 
blender if there are a non-empty open set B <Z D, a fixed point {^,p) (zTi^xD 
of <I> and a neighborhood V of ^ in Q such that for every ^ it holds 

w^{{^,p^y,^) n {wt,,{e,T) xu)^%, (3.1) 

for every ^ G and every non-empty open subset U in B. Here (Ti),p\j/) is 
the continuation of the fixed point ("!?, for ^. 

Observe that Definition 1.3 implies Definition 3.1. Let (??,p) be a fixed 
point of $ € Q. Note that for (^, x) £ T,k x B and for any S > 0, the set 
^/oc('?i ''") ^ {-^i ^ J-almost horizontal disk. Then by Theorem 2.9 and 
Definition 1.3, the closure of VF"((t?,p>ii); ^) meets Wf^^{S,; r) x {x} for every 
perturbation of $ in Q. Hence the set W^{{'d,p<!,); ^) meets Wfg^{^; t)xU, 
for every open set U with x U. 

In this section, we prove the existence of symbolic blenders in the one-step 
setting. We begin studying the relation between one-step skew-products and 
their associated IFS. To construct symbolic one-step blenders we use the 
covering property and the Hutchinson attractor of the associated IFS. 

3.1. One-step skew-products and IFS's. Consider $ = r x {(pi, . . . , 0^) 
and let IFS(<&) be the associated iterated function system. The orbit of a 
point X G M for IFS(<&) is the set 

Orb$(x) = {<P{x) : 4> G IFS(0i, . . . , <f>k)}. 

Next proposition shows that if ('!?,p) is a fixed point of then Orb$(p) 
is the projection onto the fiber space of the strong unstable set of {^,p). 
This result was proved in [NPr2, Proposition 2.16], since the proof is short 
for completeness we include it here. A consequence of this proposition is 
that the density property (3.1) of the strong unstable set in Definition 3.1 
of one-step symbolic blenders is reduced to the density of the orbit of the 
"fixed point" p for the associated iteration function system. 

Proposition 3.2. Consider $ = r ix {(pi, . . . ,(pk) and let ('!9,p) be a fixed 
point of^. Then ^(VF"''(^?,p); $)) = Orb$(p). 

Proof. Since {'d,p) is a fixed point of $ then 

oo 

w--{^,py,'^) = U $^(VFroc((^,p);^))- 

n=0 

On the other hand, we have for each n > 1 

$"(^^/oc((^,P); ^) = {(r"(C), o . . . o (P^{p)) : C G Wr^M r)}. 
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Since ^ is one-step, (pr'-I^O — 4'Ci foi' ^ i > 0. Note that (p^ip) = <P&{p) = P 
and then 

^(^"rec((^>p); ^)) = {<^."-Mc) ° • • • ° 'Ar(c)(p) C G ^^roc(^; ^)} 

= {4>in-i o ■ ■ ■ o (t>h{p) ■ ij G {1, . . . , A;}, 1 < i < n}. 

Hence the projection on the fiber space of the strong unstable set is Orb$(p), 
concluding the proof of the proposition. □ 

A neighborhood V of a one-step map $ in Q is a neighborhood in the 
topology of S intersected with Q. Since the topology of S is induced by 
the distance in (1.3) and noting that for every \I' G Q its Holder constant is 
Ciji = 0, it follows that ^' = r x {ipi, . . . , ip^) and ^ = t t< {(pi, . . . , (p^P) are 
(5-close if 

dQ{'^,^)= max dco{ipi\D,Pi\D) < 5- 

i=l,...,k 

A periodic point {"djp) of a skew-product map $ = r ix c/)^ is fiber-hyperbolic 
for <I> if p is a hyperbolic fixed point of 0^, where n is the period of {'d,p). 
We analogously define fiber- attractors and fiber-repellors. 

Proposition 3.3. Consider G Q, a non-empty open set B <Z D, and a 
fiber-hyperbolic fixed point {'&,p) G x D o/<I>. The following properties 
are equivalent: 

i) there is a neighborhood V of ^ in Q such that for every ^ G V, 

for every ^ G and non-empty open set U C B. Here {'d,p^) is the 
continuation of ("!?, for ^. 



ii) B C Orb^(p^) for every ^' G Q close to ^. 

Proof. From Proposition 3.2, for a fixed point {'&,pq/) of we have that 
= Orb^(p*). Therefore, Item (i) implies Item (ii). 
For the converse, take the fixed point {-d , p\}j) oi ^ = t i< (V'l, . . . , V'fc) close 
to $ = r X ((pi, . . . , pk) and fix [/ C and ^ G Sfc. By Item (ii), there is 
ipi^ o • • • o ipj^^ G IFS(^') such that the point x = ipi^ o ■ ■ ■ o tp^-^^ {p^Sf) G U. Take 

^0,6, • • •)) and note that {C,x) G Wf„^(^;T) x U. It 
is enough to see that (C,^;) G W^^[{'d,pq,); Since ['&,p^) is a fixed point 
of by the choice of x we have that 

^-^^-^Cx) = {{..., ^-i;^o,ii,..., in,^o,(i,... ), P^) eWli,Mr) X {p^}. 
Since Ty;^,(i9;r) x {p^} = W;^^((t?,p^); ) then 

(C,x) G ^"+i(T^,r((^,p^);^)) C W^'^{{^,p^y,^). 

Hence 

iC,x) G W--{i^,p^y,^) n (W^f,,(e;r) X [/), 

completing the proof of the proposition. □ 

Remark 3.4. If (i?,]?) in Proposition 3.3 is a fiber-attracting fixed point 
of $ = r X {pi, . . . , 0fc) with B contained in the attracting region of p for 
IFS(<I>), then Item (ii) is equivalent to 

B C Orh^{x), for every x B and every ^ G Q close to <I>. (3.2) 
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To see why this remark is true first note that Equation (3.2) immediately 
impHes Item (ii) (just take x = p). For the converse take a perturbation 
ij/ = r IX {^i, . . . , ^fc) of <I> in Q, a non-empty open set U in B, and x (z B. 
By hypotheses, there is ip £ IFS(^) such that il^{p\si) € U. AsU is open there 
is a neighborhood V of ^.j, such that ip{V) C U. If ^ is close enough to $ 
then B is also in the attracting region of for = ipi where tI^q = i. Thus 
there is n € N such that tp^{x) G V and hence ip o 'il)^{x) G U , proving (3.2). 

Motivated by (3.2), we give the following definition: 

Definition 3.5 (Blending regions). Let ^> = r k . . . , (t)k) £ Q. A non- 
empty open set B C M is called a blending region for $ (or for the IFS($)j 
if for every ^ = t K (•01, . . . , tpk) close to $ 

B C Orb^(x) for all x e B. 

Proposition 3.6. Let <|) = r k {(pi, . . . , (pk) S Q and consider a blending 
region B C D of ^. Suppose that there are a hyperbolic fixed point p € D of 
some and a map (p € IFS(<I>) with 4>{p) G B. Then the maximal invariant 
set of <I> in T,k x D is a one-step symbolic blender. 

Proof. By Proposition 3.3, it is enough to see that B C Orbiii(piii), for every 
^ = r x {ipi, . . . , ^pk) close to where the continuation of p for ^. By 
hypothesis, there are in, . . . ,ii such that (f>i^ o ■ ■ ■ o (piiip) G B. Since B is an 
open set, if ^ = r x {ipi , . . . , V'fe) is close enough to $ then ^pi^^ o ■ ■ -otpi-^ (p^S/) € 
B. As is a blending region for IFS(<^) it follows that 

B C OThif,{ipi„ o ■■■ o ipi^ip^,)) C Orb^(p^). 
This concludes the proof of the proposition. □ 

3.2. Blending regions for contracting IFS: Hutchinson attractor. 

Given an one-step map <I> = r x (0i, . . . ,(j)k), we define Per(IFS(#)) as the 
projection of ^(Per(<I>)) in the fiber space, that is the set of fixed points of 
the maps in IFS(<I>). Associated with $ or with IFS(<I>), the Hutchinson's 
operator is defined by 

: IC(D) ^ IC(D), g^{A) (/.i(A) U • • • U 4>k{A), 

where fC{D) denotes the set of compact subsets of D and A € K,{D). If the 
maps (pi are contractions, then the map is also a contraction. This fact 
leads to the following result: 

Proposition 3.7 ([Wil71, HutSl]). Let ^ £ Q with j3 <l. Then there exists 
a unique compact set Kg^ G ^{D) such that 

Kg^ = g^{KgJ = Per(IFS($))nI? = K^. 
Moreover, the set Kg^ depends continuously (in the set Q) on the map $ 
and is the global attractor of Q^, that is, for every A G /C(-D) it holds 

lim dH{G^{A),KgJ = {). 

We call the compact set Kg^ (in what follows denoted by K^) the Hutchin- 
son attractor of the contracting one-step map $ or of its associated IFS($). 
Let us recall that given x £ D, its orbit for IFS($) is defined by 

Orb$(x) = {(P{x): (P G IFS($)} = {Gl[x) : n > 0}. 
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By Proposition 3.7, ^/^''(x) — > for all x € D and thus 

C Orb$(x). (3.3) 

We now have the following consequences of Proposition 3.7: 

Corollary 3.8. Consider <I> = r K . . . , 0^) G Q with /5 < 1 and let 
be the Hutchinson attractor. 

i) For every A G K.{D) with A C Q^{A) it holds that 

Ac K<s> C Orb$(x) for all x eD. 

a) For every p E there is a sequence {o'n)neN S {Ij • • • > k}^ such that 

o • • • o (p) G for all n G N. 

Hi) For each open set V such that V ^ there exist n G N and 
(ii, . . . G {1, . . . , A;}" such that (j)i^o ■ ■ ■ o (l)i^{Kq,) C V. 

Proof. To prove the first item note that by hypothesis, A C G^{A) C • • • C 
G'^iA) for all m > 1. Since G^iA) this implies that A C K^. By 

(3.3), one has that C Orb<j)(x) for all x G D proving (i). 

To prove Item (ii) recall that by Proposition 3.7, = (j)i{K^) U • • • U 
(j)k{K^). Thus given any p G there exits cji G {!,..., /c} such that 
4>al{'P) £ Arguing inductively, we get a sequence ((T„)„,gN with i;^>~J^ o 

• • • o (/)~j^^(p) G K<i, for all n G N. 

To prove Item (iii), fix an open set V with V Pi ^ 0. Consider i G 
{1, . . . , A;} and the fixed point s of By the first item we have C 
Orb<i>(s). Hence, there are m G N and (cJi, . . . , 0"^) € {1,...,A;}'" such 
that (/)cr,„ o • • • o (/>o-j(s) G y and thus </)~j^^ o • • • o (f)~^{y) is a neighborhood 
of s. Since (/>~"'^ is an expansion, the set (p"^ o • • • o (^~^(y) contains the 
repelling point s of and as is bounded, there exists £ G N such that 
C (p'j^'^ o o • • • o (y). Now it is enough to take n = i + m and the 
sequence (i, . f ., i, ui, . . . , 0"m)- This completes the proof of the corollary. □ 

The next result shows that an open set satisfying the covering property 
for a contractive IFS is a blending region. 

Corollary 3.9. Consider <I> G Q with /3 < 1. Let B d D he a non-empty 
hounded open set satisfying the covering property for IFS(<I>). Then for every 
^' G Q close enough to $ one has that B C -fCij- C Orb,i,(x), for all x G -D, 
where is the Hutchinson attractor of ^ . 

The corollary above and Proposition 3.6 imply that the covering property 
generates one-step symbolic blenders (Definition 3.1). 

Corollary 3.10. Let ^ = t k {(pi, ... ,(j)k) G Q with (3 < 1 and let B cD 

he a non-empty open set satisfying the covering property: 

B CMB)^---UMB). 

Then the maximal invariant set of ^ is a one-step symholic blender. 
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Proof of Corollary 3.9. If ^ € Q is close to $ then dH{Qm{B),Q^{B)) is 
small. From this proximity and since Q^{B) is open, one has that B C 
G^{B) C Q^{B). Inductively we get 

B C g^(B), for all m > 0. 

Since the Hutchinson attractor Ki^, of ^ is closed and dniG^iB), K^,) 0, 
then B C Kin C Orb^(x) for all x £D. □ 

4. Symbolic blenders in the Holder setting 

In this this section we will prove the following result: 

Theorem 4.1. Consider ^ = t k (01, . . . , 0^) G <S^'"^(Z)) with a > and 
L'" < X < 1 and let B C D be an open set. Then, B satisfies the covering 
property for IFS(<I>) if and only if there are 6 > and a neighborhood V of 
$ in S^''^ i^{D) such that for every "if it holds 

T^{B) n / for every 5-horizontal disk H"" in T,k x B, (4.1) 

where r^(i?) is the forward maximal invariant set of in "Ef^ x B . 

The above theorem proves Theorem A. Indeed, if $ = r >< {(pi, . . . , (pk) S 
5°'"^^(LI), with /3 < 1, then (j)i(D) C D for all i = 1, . . . ,k. Hence, if 
^ = T t< ip^ is close enough to $ then ip^{D) C D for all ^ € Sfc and thus 

r+(i?) fl ^"(Sfc xB)c(~] *"(Sfc X D) r^. (4.2) 

n>0 ngZ 

Since by Theorem 2.9 one has that iy^"^(r,j,;^) = F^, Theorem 4.1 and 
Equation 4.2 imply the existence of symbolic blender (Theorem A). 

In order to proof Theorem 4.1, firstly we introduce some notation and 
preliminary results. 

4.1. Main lemma: Given a finite word ui = oj^m ■ ■ ■ ooquji . . . Un, where 
m,n > and Ui € {1, . . . , k}, we define the bi-lateral cylinder by 

Ccj = {S, € Sfc : £,j = i^j, -m <j< n}. 

Given ^ € Sfc and a finite word oj := = a;_„ . . . uj-i, where n > 1 and 
LOi S {1, . . . , A;}, we define the relative cylinder by 

C^(C) = G Wil,{C; r) : U = for i = 1, . . . , n}. (4.3) 

Recall that S = 5||'"^(D) is the set of symbolic skew-product maps in 
Definition 1.5. In what follows < X < 1, a > and there is no restriction 
on f3. In the next lemma we estimate the distance between the backward 
orbits of a point x when iterated by different maps ip^^ . 

Lemma 4.2. Consider = t k ip^ G S with a>0, u'^<X<la word 
Co = co-n . . . LJQ . . . cOn, and a point x ^ D such that for every G C^, one has 
that '0~_^ij.^^(x) S D for every 1 < j < n. Then 

||V';^(5)(x) - v;^,(^)(x)|| < c^z."- ^(A-V")^-ds,(e,c)" 

j=0 

for all 1 < i < n and all ^, & C^j. 
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Proof. The proof is by induction. For i = 1, the Holder inequahty (1.2) and 
^Cq imply 

We argue inductively. Suppose that the lemma holds for i — 1, i < n: 

\\i.;l'-^^{x)-^|;;t^^^{x)\\ < Y.{x-'uy d^^i^XT, (4.4) 

j=0 

for every € Cu,. We will see that the estimate also holds for i. By the 
triangle inequality, 

||v;^(^)(x) - V';^(^)(^)|| < 11^-1(0 - ^r-\€) ° ^;-Hc) (^)ll + 

+ IIC-\o°^r"-MC)(^)-^r-MC)(^)||- 

Since the inverse of these functions expand at most 1/A, the above equation 
is less than or equal to 

(C) 



where y = tp^^ll,}) (x) G D. By the induction hypothesis (4.4) 



j=0 

As y € D, applying the Holder inequality (1.2) and since ^, ^ C^j we get 

||V;_\(^)(y) - V';i(<.)(y)ll < rfE,(r"^(0,r"^(C))" < ds,(e,C)" 

Putting together the previous inequalities we obtain 

i-2 

A-ii/-(-i) ^^(A-i i/")^' ds, (C, 0" + u-''' ds, (C, 0" 
i=o 

ending the proof of the lemma. □ 

4.2. Proof of Theorem 4.1. Consider $ = r tx . . . ,(f)k) € 5 with 
a > 0, z^" < A < 1 and an open set B C D. Recall that we need to prove 
the following: 

B satisfies the covering property for IFS($) <;=^ there are 6 > 
and a neighborhood V of $ in 5 such that r^{B) fl / 
for every ^' € V and every (^-horizontal disk in x B. 

We will see that if the covering property is not satisfied then inter- 
section (4.1) is also not satisfied. If B does not satisfy the covering property 
then there is x € -B such that x 4>i{B) for all i = 1, . . . ,k. We can as- 
sume that X B, otherwise we can take an arbitrarily small perturbation 
= T X (^1, . . . , ipk) of ^ such that the covering property in B for IFS('I') 
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is not satisfied for a point in B. Tlie condition x (t>i{B) for all i = 1, . . . , /c 
implies that <l>~^(^,x) ^Ti^x B for all ^ € and hence 

n.>0 

Therefore r^(i?) does not meet the horizontal disk = Wi^^{£^\t) x {x}, 
and thus the intersection property (4.1) is not verified. 

==;^ We split the proof of the fact that the covering property implies the 
intersection condition into two steps. 

Choice of the neighborhood V of Recall that given an open covering 
C of a compact set X of a metric space, there is a constant L > and a 
Lebesgue number of C, such that every subset of X with diameter less than 
L is contained in some member of C. 

Let 2L > be a Lebesgue number of the open covering {<j)i(B), . . . , (j)i:{B)} 
of B. Note that there are C^-neighborhoods Ui of (pi such that the family 

5, =int( fl V(5)), i = l,...,k, (4.5) 

is an open covering of B. By shrinking the size of the sets Ui we can assume 
that L is a Lebesgue number of this covering. We can also assume that any 
tp £Ui is a. C^-{X, /3)-Lipschitz map on D for all z = I, . . . ,k. 

We take a neighborhood V of $ in 5 such that ii ^ = t t< £ V then 
ip^ € Ui with i = ^0- By (4.5), 

'ip-\^^^{Bi) d B for all ^ e Sfc with = i. (4.6) 

Since $ is a one-step map then (p^ = if = Coi ^-nd hence we can 
take the Holder constant (7$ = 0. The definition of the distance in (1.3) 
implies Cvjr is close to C$ = 0. By hypothesis i/" < A, and so shrinking the 
neighborhood V we can assume that for every ^' = r ix 'i/'^ G V, 

oo 

Cvt J^(A-V")^ <L/2. (4.7) 

1=0 

This completes the choice of the neighborhood V of 

Existence of a point in T^{B) n . Let us consider V to be the above 
neighborhood of <I>. The main step is the following proposition. 

Proposition 4.3. Consider < (5 < \L/2 and let be a 6-horizontal disk 
in Tik X B associated with some (C, z) € x B and a-Holder constant C > 0. 
Then for every \I' = r x i/;^ G V there are an infinite word u) = . . . oj-n ■ ■ ■ i^-i 
with oj-n S {1, . . . ,k} and a sequence of nested compacts subsets {Vn} of AI 
such that for every n G N holds that 

Kc ^(i/^n(C^_„(C) xi?)), 

i^;\^{yn)cB and diam(V^;_"i(^)(K)) < C(A-V")'^ 
for all ^ G Cc^^^ {() where = u^n • • • w_i . 
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Let US see how the impUcation {==^) follows from this proposition. Let 
{x}=f]VnCB and = fl ^--^(0 ^ W^Cr). 

n<=N ngN 

Observe that x) G if'* and G S for all n G N. Thus ^'-"(^, x) G 

Sfc X S for all n G N and hence x) G r+(S). Therefore r+(S) nH' 
To complete the proof of Theorem 4.1 it remains to prove the proposition. 

Proof of Proposition 4-3- Fix ^ = TtKip^ G V and consider the (a, C)-Holder 
map h : t) ^ B associated with the (5-horizontal disk dTi^ ^ B 

(see Definition 1.2). The construction of the nested sequence of sets {Vn} 
and the infinite word w = . . . U-m ■ ■ ■ (jJ-i is done inductively. Let 

V = ^{H') C B. 

Note that diam(y) < 25 < L. By the definition of the Lebesgue number, 
we have that V C Bi^ for some ii G {1, . . . ,k}. Recall the definition of the 
relative cylinder in (4.3) associated with ^ G Sfc and the word a)_i = ii and 
consider the set 

By construction Vi CV C Bi^ and by (4.6), 

ij;\^^{Vi)cB for alUGC^_,(C). (4.8) 

Claim 4.4. diam(yi) < 6i = Cz^". 

Proof. Given x and y in Vi there are ^ and r] in C(i,_;^(C) such that x = /i(^) 
and y = h{r]). Since h is (a, C)-Holder continuous, 

\\x - y\\ = \m) - hm < cdj,^ic,vr <cu^ = 5i, 

proving the claim. □ 
By Claim 4.4 and since the fiber-maps are (A, /3)-Lipschitz on D, 
diam(^;i(^)(yi)) < X-'6i for all ^ G Co_AO- 
Recalling that Ci'°' < 6 (see Definition 1.2) we get that 
X~^5i = \~^Cu'' < X~^6 < L/2. 

Therefore, 

diam(V;ii(^)(Fi)) < A-^5i < L/2. 

Arguing inductively, we suppose that we have constructed a finite word 
Co-n '■= oj-n ■ ■ ■ W-1 (the word (jo-i is obtained adding the letter uj^i to the 
word £D_i+i) and closed sets Vn C Vn~i C • • • C Vi with 

diam(K) < Ci/"" = 5„ (4.9) 
and such that for every ^ G C[:i_^{C,)^ 

V';"(.)(K)C5 and diam(^;_",. (K)) < A-"5„. (4.10) 
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We now construct the word U}_(^n+i) the closed set Vn+i C satisfying 
analogous inclusions and inequalities. By (4.10) we have that 

An= U ij;\^{Vn)CB. 

Claim 4.5. diam(A„) < L. 

Proof. Given x and y in An there are x,y (zVn and ^, G Ccj_^{C) such that 
X = and y = ip~l\^^-^{y). Then 

\\x-y\\ = \\i^;\)i^)-i^;\)iy)\\ 
i=o 

where the last inequality is follows from Lemma 4.2 and the induction hy- 
pothesis (4.10). Since ^ and rj belong to Cai_^{C) then dEfe(^)??)" ^ 
Hence 

n-l 

||S - yil < ^(A-V")^' + A~"5„ < L/2 + A-"5„ 

j=0 

where the last inequality follows from (4.7). Note that 

A"" 6n = C (A-^i/")" < C A" V" < X'^d < L/2. 

Therefore for every pair of points x,y G An we have ||x — y|| < L and thus 
diam(j4„) < L, proving the claim. □ 

Since L is a Lebesgue number of the covering {-Bij^Li) the claim implies 
there is in+i G {1, . . . , A;} such that An C Bi^^^. We let 

UJ^(n+l) = in+l^-n • • • and Vn+1 = ^{H" D (C<i,_(^^^j(C) X Vn)). 

Note that by construction Vn+i C Vn- 
Claim 4.6. diam(K+i) < = 6^+1- 

Proof. Given rc, y G Vn+i there are ^, G Cu)_(^„_^i-) (C) such that x = /i(^) and 
y = h{r]). From the (a, C)-Holder continuity of h and since ^, G C(i,_j^^^j (C) 
we get ||x — y\\ < Cd^f,{^,r])" < Cu^^^^^", concluding the proof. □ 

Using that Vn+i C Vn, diam(T4!,) < 6n+i, and equations (4.6) and (4.10) 
we get 

V';i?(j;^(K+i)ci? and diam(^;i?j;)(K+i)) <A-("+^)<5„+i, 

for every ^ G C^j ^^^^j (C)- Therefore (4.10) holds for {n + l)-step and we can 
continue arguing inductively. This completes the construction of the infinite 
word Co and the sequence of nested sets {Vn} in the proposition, ending the 
proof. □ 



The proof of Theorem 4.1 is now complete. 
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4.3. Partially hyperbolic symbolic skew-products. For applications of 
blenders we would need to have additional fiber maps, that are not neces- 
sarily contracting or forward invariant in the region D. Thus, we will embed 
a symbolic blender for a one-step map $ defined on x M into another 
one-step map $ on x M with d > k. Firstly, we will impose some par- 
tially hyperbolic conditions on which are motivated by the reduction of 
partial hyperbolic diffeomorphisms to the setting of symbolic skew-products 
(see next section. Proposition 5.2). 

Definition 4.7 (Partial hyperbolic symbolic skew-products). A symbolic 
skew-product € S^'" ~_-i{M) is called partial hyperbolic if 

I/" < 7 < 1 < 7""*^ < 1'^°'. 

We will denote by V'HS^J°'{M) the set of partial hyperbolic symbolic a-Holder 
skew-products on x M with -fiber maps. 

Under the assumption of these partially hyperbolic conditions, the usual 
graph transform argument yields a local strong stable and unstable lamina- 
tions for a symbolic skew-product 

Proposition 4.8 ([AVIO]). Let $ € 5^'"^_i(M) be a symbolic skew-product 
satisfying the s- domination condition z/" < 7. Then, there exists a partition 

W| = {Wtm.x);^) : {i,x) G Erf X M} 

of T,(i X M such that denoting C = C|,(l — 7~^i/")~^ > 0, it holds 

i) every leaf Wi^J^{^,,x)]^) is the graph of an a-Hoder function 

with a-Holder constant less or equal than C (uniform on and x), 
and it depends continuously on 
ii) VF;*'^((^, x); $) varies continuously with respect to (^,x), i.e, the map 

(^, x) 1-^ 7^ _^ l^(^') is continuous 

where (^, ^') varies in the space of pairs of points in the same local 
stable set for t, 

III) l>(t^-((C,x);l>) C W-(l'(e,x);c|.) for all (^x) E x M, 
Wil'M^x)-^) <zW'{{i,x)-^). 

Here Ty^((^, x); <&) = {(C,y) G x M : lim (i(4>"(C, y), l>"(e, x)) = 0}. 

n^oo 

There is a dual statement of Proposition 4.8 for symbolic skew-product 
^ satisfying the n-dominating condition 7"^ < Namely, one has a 

partition 

>V| = {WJ^^M^^yM ■■ ii^^) G X M} 
of Srf X M verifying analogous properties. Each leaf W;""((^, x); <^>) of this 
partition is said to be local strong unstable set throughout the point 
(^,x). We define the global strong unstable set of (^,x) as 

W--{{i,x)-M U $"(M^,",:!(|.-(e,x);i)) 

n>0 
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For a ^-invariant set F we define local strong unstable set of F for ^> as 

(€,^)er 

In the same manner, the global strong unstable set of F, denoted by Vl^""(F; $), 
is defined as the union of the global strong unstable sets of the points in F 
and it holds 

VF,^^(F;i) C W^""(F;d) C W^"(F;^). 

The local/global strong stable sets are defined similarly and satisfy analogous 
inclusions. 

Proposition 4.9 (Embedded blender). Let <l G VnS°^'"{M) be a one-step 
skew-product map with d > k. Assume that the restriction 

has a symbolic cs -blender C S^xM whose superposition domain contains 
an open set B C M satisfying that B C (j)i{B)\J- ■ ■\J(j)k{B). Then there exists 
(5 > such that for every small enough S^'"^ -perturbation ^ of ^ it holds 

VF;™(Ff ; I-) n for every 5-horizontal disk H' in T^d x B 

where F^ is the continuation of for ^ = 'I'IsfcxM- 

Proof. Since F^'^ is a symbolic blender for $ whose superposition domain 
contains the open set B then F^(i?) C F^*. Recall that F^(i?) is the forward 
maximal invariant set in x i? for We can enlarge the size of a little, 
call this new set B, assuming that for every small enough tS'^'^-perturbation 
^ of <l, it holds 

F+(S)cFf, where = l-ls.xM. (4.11) 

Observe that for each (^, x) € x M, since $ is a one-step map then 

Wtom,^);^) = WroMr) X {x}. 

Since the strong unstable set depends continuously on we can assume 
that for every small enough .S'^'^-perturbation of 

t^;r((e,^);^') CSrfX^ for all (e,x) eSdxS. (4.12) 

A slight modification of the proof of Theorem 4.1 shows that there is (5 > 
such that for every small enough ^'^'"-perturbation ^ of $ we have 

Ft(S,-,xi?)ni7V0 (4.13) 
for every 5-horizontal disk in T,^ x B. Here 

rJ(s,-,xB)=n^&"(s-,xi?) 

n>0 

and S^^^ = = (^j)j£2 G : e {1, . . . , A;} for i < 0}. This assertion 
is showed by repeating the same argument as in the proof of Theorem 4.1, 
using the s-domination condition < j (instead of < A) and the global 
Holder continuity of the fiber maps with respect to the base point. 

Consider a ^S^'^-perturbation = t x tp^ of ^ satisfying (4.11), (4.12) 
and (4.13) and let F^* C x M be the continuation of Fg* for ^ = ^\T,f^xM- 
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Claim 4.10. rt(S,, x B) C t^,™(rf ;^&). 

Proof. Fix a point (^,3;) G rt(S^^ x i?) we show that 

wi:^M,^);^) n (Sfc x ^) c rf . (4.i4) 

This assertion proves the claim since if {C,z) G Wl^^{{^,x);4i) n (S^ x B) 
then (e, x) G T^,^-((C, ^) C t^^^ (rfj 

Let (C,z) G W,^^((^,x); ^) n (S^ x ^). In order to prove (4.14), observe 
that from (4.11) it is enough to show that ^""(C,z) = ^""(C-z) G Sfe x 5 
for all n > 0. From the invariance of the local strong unstable lamination 
(dual statement of Item (iii) in Proposition 4.8) it follows that 

^-'^(Cz) G ^-""{Wiim,^);^)) C WiT,i^--i^,x)-^) (4.15) 

for all n > 0. Since (^,x) G rt(S~^ x B) then ^-"(^,x) e Y^d x B for all 
n > and according to (4.12) it follows that 

^ioc (^'""(C, x); I-) C X ^ for all n > 0. (4.16) 

Hence, since C G Sfc, (4.15) and (4.16) imply that ^~"(C,2;) G Sfc x B for all 
re > 0. Therefore (C, -2) G ^^(5) C concluding (4.14) and the proof of 
the claim. □ 

To conclude the proposition it suffices to observe that the above claim 
and (4.13) imply that VF;^"(rf ; ^') H if* / for every (5-horizontal disk 
in X B. The proof is now complete. □ 

Observe that the set Wf^^{(;T) x {2:} is an horizontal disk and in the 
one-step case this set coincides to the local strong stable set of (Ci-z). For 
Holder perturbations of one-step maps. Proposition 4.8 implies that the local 
strong stable sets are almost horizontal disks. Then, we obtain the following 
remark: 

Remark 4.11. Let $ G VHS^iM) be an one-step skew-product map as in 
the hypothesis of Proposition 4.9. For every small enough ^'^'"-perturbation 
^ of $ and every x) G Y^d x B there exits {(, z) G such that 

wz{{Q,z)■i>)r^wf:M^x)■i>)^%. 
5. Applications: Robust heterodimensional cycles and mixing 

SETS 

Our goal here is to generate robust heterodimensional cycles (Section 5.2) 
and robust non-hyperbolic mixing sets (Section 5.3) in the presence of sym- 
bolic blenders. We will start by explaining how to go from partially hyper- 
bolic diffeomorphisms to symbolic skew-products. In this section, A'^ and M 
denote compact Riemannian manifolds and id : M — > M the identity map. 
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5.1. Reduction to perturbations of symbolic skew-products. Let F 

be a C^-diffeomorphism of N with a horseshoe A C of d-legs which has a 
L'i^-invariant spHtting of the tangent bundle 

TAiV = Ei®El 

such that in a Riemannian metric on N there isO</i<z^<l satisfying 

lJ-<\\DzF{v)\\<u and ^l <\\D^F~'^{w)\\ <u 

for all unit vectors v (z E^, w & E^ and z E A. We assume that E^^^ E'^ are 
trivial product bundles. Both, the above assumption and the extra regularity 
of F, are technical conditions necessary for the main result in [1X12], but it 
is conjectured that it holds without them (see also [Gor06, PSW12]). This 
result is our main tool to prove the next proposition (see Proposition 5.2). 
Let / be a skew-product diffeomorphism over F defined as 

f : N X M ^ N X M, f{z, x) = {F{z),(l){z, x)) (5.1) 

where (/)(z, •) : M — ?> M is a family of C^-diffeomorphisms such that there 
are positive numbers 7 and 7 satisfying 

7 < \\Dz4>{z, ■)v\\ < 7~^ for all unit vector v € T^M and z £ A. (5.2) 

We will assume that the skew-product diffeomorphism (5.1) satisfies that 

u + LfKu'^ and u < j < < (5.3) 

where for a fixed 5 > small enough 

Lj = sup { \\<P^'i-^-)-<^y^-)\\ : e A, < d^iz,z') <5]>0. 
xeM dN[z,z') 

We say that Lf is the local Lipschitz constant of / (or f~^)- The inequal- 
ities (5.3) are called modified dominated splitting condition in [1N12]. The 
first inequality is clearly verified if = 0. The other inequalities are the 
dominated conditions in the definition of partial hyperbolicity. 

Definition 5.1. A skew-product diffeomorphism f as (5.1) is said to be 
locally constant if Lf = 0. 

Partial hyperbolic locally constant skew-product diffeomorphisms over a 
horseshoe satisfy the modified dominated splitting condition (5.3). Mod- 
ified dominated splitting condition is a C^-open condition since the same 
property is satisfied for any diffeomorphism C^-close. However, a C^-close 
diffeomorphism (7 of / is a priori not a skew-product. Under the assump- 
tions (5.3), from Hirsch-Pugh-Shub theory [HPS77] or from the recent works 
of [Gor06, IN12, PSW12] it follows that g is topologically conjugated to a 
skew- product. We will explain more about this. 

Proposition 5.2. Let f be a -skew-product diffeomorphism as (5.1) sat- 
isfying (5.2) and (5.3). Then given e > small enough, any e -perturbation g 
of f in the -topology has a locally maximal invariant set A <Z N xM home- 
omorphic to A x M such that g\/\ is conjugated to a symbolic skew-product 

^3 G vnsY{M) 

with a = log z// log /i > and local Holder constant df/^ = Lf + 0{e). 
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Remark 5.3. In the special case of / = Fxid, from [Gor06, Theorem B], the 
above Proposition 5.2 holds without both technical assumptions, the extra 
regularity of the base map F and the trivialization of the vector bundles. 

Proof of Proposition 5.2. For each z € A we consider the fiber Cz = {z} x M. 
The collection C of these fibers is an invariant lamination of /. In [HPS 77, 
Theorems 7.1] and also in [IN12, Theorem A] and [PSW12, Theorem C] 
it is showed that this lamination is C^-persistent. The C^-persistence of 
such lamination means that for any C^-perturbation of /, there exists a 
lamination, C^-close to £, which is preserved by the new dynamics, and 
such that the dynamics induced on the space of the leaves remains the same. 

Given e > small enough we take g a C^-diffeomorphism e-close to / in 
the C"^-topology. Note that, 

g{z,x) = {F{z,x), 4>{z,x)), {z,x) e N X M 

where (p{z, •) : M — > M is also a C^-diffeomorphism such that 

7 ||x - x'll < \\(i){z,x) - (f>{z,x')\\ < 7"-^ \\z - x'W (5.4) 

for all X, x' (z M and z in a neighborhood of A. 

For each z € A, the fiber Wo-(2), continuation of Cz for g is parametrized 
by the graph of a C^-map Q{z, ■) : M ^ M x N. According to [IN12, 
Theorem A] and since g is e-close to /, we get 

dNiQiz, x),Q{z, x')) < 0{e) \\x - x'\\, (5.5) 
dco{Q{z,-),z) <0{e). (5.6) 

For maps, the norm of the first derivative is equal the best Lipschitz 
constant. Hence, the above inequalities show that dci{Q{z, ■),z) < 0(e). 
Let 

^ = U ^-{-) C M X iV. 

By sending VVo-(2) to z we may define a continuous projection P: A ^ N 
such that P{A) = A and F\\ o P = P o g. Moreover, 

h : A ^ A X M, h{z, x) = {P{z, x),x) 

is an homeomorphism whose inverse is h~^(z,x) = {Q(z,x),x). Let 

g = ho g\^o : A X M -> A X M. 

Observe that 

g{z,x) = (P o g o {z, x), <f) o {z, x)) 

= {F\AoPoh~\z,x)JiQ{z,x),x)) = {F{z),^{z,x)). 

Thus, ^ is a skew-product diffeomorphism defined on A x M which is conju- 
gated to g\/s^ by means of the conjugation h. Since for each z G A the map 
ip{z, ■) is a composition of C'^-maps, then it is a C^-map. In addition, we 
can easily check that the rate of contraction and expansion of these maps 
are uniformly close to 7"^ and 7 respectively. Indeed, 

\\^{z,x)-i^{z,x')\\ < 

< mQ{z,x),x) - 4>{Q{z,x),x')\\ + mQ{z,x),x') - 4>{Q{z,x'),x')\\. 
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By means of (5.4) and (5.5) it follows that 

||V^(z,x) - ^(z,x')|| < j~'^\\x - x'W + 0{e)\\x - x'W < + 0{e))\\x - x'\\. 

In the same way one obtains that 

\\ip{z,x) — 4){z,x')\\ > I7 — 0{e)\ \\x — x'\\. 

Taking s > small enough we can assume 7"^ and 7 remain, respectively, 
the rates of contraction and expansion for 'ip{z, •). This calculation shows 
that the derivatives of 'ip{z, •) and <j){z, •) are 0(e)-close. Moreover, since 
Q{z, •) is C^-close to the constant function x 1-^ z, it follows that ip{z, •) and 
4>{z,-) are 0(e)-close. Consequently (^(z, •), ^(z, •)) < 0{e). 

Although for each 2; S A the maps 'ip{z^ ■) are C^-diffeomorphisms, the map 
g is not necessarily a C^-diffeomorphism since h is not a C^-conjugation. 
However, according to [IM2, Theorem A] it follows that both h and 
are locally a-Holder continuous maps with a = log i^/ log /i > 0. Thus, the 
function = ttm ° 9 ° is locally a-Holder continuos with respect to the 
base points: if d]\f{z,z') < 6 it holds that 

dcoii'iz, •), V(^', •)) < Lg dco{h-\z, •), h-\z', •)) < LgChdNiz, z'r 

where Lg and Ch are the local Lipschitz and Q-Holder constants of g and h 
respectively. 

Recall that F\\ is conjugated to the Bernoulli shift r : — > S^. Let 
£ : Srf — )■ A be the topological conjugation: r = £~^oF\\o£. Consider with 
the metric given in (1.5), then from [Gor06, Theorem 2.3] and [BGMV03] it 
follows that £ is a Lipschitz map. That is dM {£{(,), £{(,')) < LidY.^{^,^')- 

Therefore, we obtain that g is conjugated to a locally a-Holder symbolic 
skew-product map 

^5 : X M ^ Srf X M, ^g{i,x) = (r(0, V'c(x)), 

where ■0^ = ip{£{S,)i') : M — > M is a (7, 7~^)-Lipschitz C^'^-diffeomorphism 
with the local Holder constant Cq/^ = LgChL'^ > and a = log z^/ log ^ > 0. 

The same arguments work for a small perturbation g~^ of and there- 
fore the inverse map is also a skew-product with the same Holder ex- 
ponent < a < 1 and local Holder constant C\ii > 0. 

To end the proof we need to show that C\iig = Lf + 0(e). To do this note 
that Lg is the local Lipschitz constant of g (or g~^) i.e., 

d{g{z,x),g{z' ,x')) \ 1 1 i\ r- a a ( ' \ ^ ^\ 

Lg = sup{^^^^-^yy^^7-^ : (z, x), (z , X ) G A, dN{z, z) < 5} 

and then Lg = Lf + 0{e). Also, the local Holder constant of h (or 
h~^) varies continuosly with h that in turn depends continuously on g. In 
fact, in view of (5.6) we get that h and h^"^ are close to the identity and so 
ChL'^ = 1 + 0(e). Thus, C^^ = LgChL^ = Lf + 0(e), which concludes the 
proof of the proposition. □ 

Note that the above result also holds if / is only defined locally as a skew- 
product diffeomorphism over the rectangles coming from a Markov partition 
of A. This fact will be useful to define locally constant skew-product diffeo- 
morphisms in the proof of Theorem B and Theorem C. 
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5.2. Robust heterodimensional cycles: Proof of Theorem B. In this 
section we will prove theorem B. We will first describe how to build robust 
cycles in the symbolic setting and then transfer this to dynamics of diffeo- 
morphisms on manifolds, thus proving Theorem B. 

Definition 5.4 (Symbolic cycles). Let $ G VT-LS^J°'{M) he a symbolic skew- 
product with a pair of ^-invariant sets Ti and T2- We say that $ has a 
symbolic cycle associated with Ti and T2 if their stable/unstable sets meet 
cyclically, that is, if 

VF'(ri;l>) n W^''(r2;^) / and T^"(ri; $) n T^'(r2; <&) / 0. 

Assuming that Ti and T2 have continuations, we say that the symbolic 
cycle is tS''''^-robust if the cyclic intersection of stable/unstable sets holds for 
every small enough S^''" -perturbation of ^. 

The next proposition shows how to construct robust symbolic cycles using 
blenders that come from the covering property. 

Theorem 5.5 (Symbolic cycles from blenders). Let (pi, . . . ,(j)k,4>k+i,4'k+2 
be {^,^~^)-Lipschitz -diffeomorphisms on M and consider disjoint open 
sets Dcs, Dcu C M such that 

$ = r K (01, . . . , 0,) e slil^^^JD^s) n slil^^^JD^u) 

where 

Z^" < 7 < Acs < /3cs < 1< Acn < /3cn < 7"^ < Z^""- 

Assume that there are open subsets Bcs C Dcs CL^d Bcu C Dcu such that the 
following properties hold: 

• Covering property: 

k k 
C IJ MBcs) and 'B^ C \J 4)'^ {Bcu) 

i=l i=l 

• Cyclic intersections: there exist x S Bcs, U £ Dcu and m,n > such 
that 

(Pk+ii^) e Bcu and C+2(y) e Dcs- 

Then the one-step $ = r x {(pi, ■ ■ ■ ,4'kj4'k+ij4'k+2) £ 'P'HS^'^2{^) ^as a 
S^'°' -robust symbolic cycle associated with symbolic blenders whose superpo- 
sition domains contain Bcs and Bcu- 

Proof We split the proof of the proposition into two lemmas. Firstly, we 
need to choose the iS^'"-neighborhood V of $ = r x {(pi, . . . ,(pf^, (pk+i^ 4'k+2) 
in which we will work. This neighborhood is taken as the intersection of the 
following three sets: 

• Vi is the neighborhood of <E> given by Proposition 4.9. 

• V2 is the neighborhood of $ such that for every ^' G V2 and y G Dcu 
(from the cyclic intersection hypothesis) it holds 

*^(C+ X {y}) C Sfc+2 X Dcs 

where is the set of the bi-sequence ^ = (^j).tgz ^ '^k+2 such that 
= + 2 for < i < m and G {1, . . . , fc} otherwise. 
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• V3 is the neighborhood of $ taken so that the strong stable sets are 
5-almost horizontal disks, where 5 > is defined in the following 
manner. Suppose z G M with \\z — (t)^j^i{x)\\ < 5, then for every 
^ G V3 it holds 

^-^{C- X {z}) C X 

where C~ is the set of the bi-sequences ^ = (^i)i(=z G such that 

= A: + 2 for — n < z < and G {1, . . . ,k} otherwise. 

Fix ^ G V, let us to prove that 

where F^, F^ are the maximal invariant sets in x Dcs and T,^ x Dcu of ^ 
respectively. Note that F^ and coincide, respectively, with the maximal 
invariant set in x Dcs and x Dcu for ^ = ^\j:^xM- Hence, from the 
covering property assumption and Theorem A, theses two ^-invariant sets 
are symbolic blenders for ^ whose superposition domains contain Bcs and 
Bcu respectively. 

We observe that in the next lemma we do not use the blender property 
but rather that Dcs (Dcu) are forward (backward) invariant open sets for 
contractive (expanding) fiber maps of <^ and its perturbations. 

Lemma 5.6. It holds that C+ x {y} c VF^(Ff ; ^) n l^"(Ff ; 'I). 

Proof. To prove this lemma we need the following claim. Here S^^^g repre- 
sents the bi-sequences ^ = G such that G {1, . . . , /c} for i > 0, 
and 5]^^,^2 the bi-sequences such that G {1, . . . , fc} for ? < 0. 

Claim 5.7. >< C W'{T'4-i>) and S-^,_^2 >< ^cu C WiV"^-^). 

Proof of the claim. We will prove the first inclusion and the second inclusion 
is analogous. From Theorem 2.9, the set F^ is an attractive graph and so 

lim d(^"(C, z)X4) = 0, for all (C, z) G Sfc x Dcs- (5.7) 

n— >oo 

Thus if (C,p) G ^ Dcs then 

/ l^S((e,p);^) n (Sfc X Dcs) C W%T^;4'). 
Now, using the triangular inequality it holds 

^(^^"(e,^), Ff ) < d(^'"(e,p), ^'"(c, z)) + (i(^'"(c, ^), Ff ) 

where {C,z) G Wf/^((,^,p); ^) n (E^. x Dcs)- According to Proposition 4.8 
and (5.7) the right part of the above inequality converges to zero and there- 
fore we conclude the claim. □ 

To obtain the lemma we only need to note that C~*^ x {y} C x Dcu 
and thus by the above claim belongs to VF"(F^;^). On the other hand, 
using that ^ £ V and again the claim, it follows that 

^""{0+ X {y}) C X Dcs C VF^(Ff ; ^), 

which concludes the proof of the lemma. □ 
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The next lemma shows the other intersection of the symbohc cycle, namely 

This is achieved by the following stronger result as a consequence of the 
blender properties. 

Lemma 5.8. It holds that 14^"" (Tf; ^) n W'%rf; ^) / 0. 

Proof. Take the point x G Bcs from the cyclic intersection hypothesis satis- 
fying (f)'^_^_l{x) G Bcu- Since Bcu C ^(T^), there exists a bi-sequence € 
such that (C,</>^+i(x)) eVf. 

Consider ( = {C,i)i& £ ^LM'^ "^i^^ C,i = k + lioi —n < i < and let 

Remember that is the graph map of the local strong stable set, which 
is itself an almost (5-horizontal disk. Thus, \\z — < 5 and by the 

hypothesis on the neighborhood V of $ we have that 

l'-"(C,^)eSfc+2xS,,. 

By the property of the blender (see Proposition 4.9 and Remark 4.11), 
l^Zoc(^""(C, z); ^) n ; ^) ^ 0- Let (/?, t) be a point on this intersec- 

tion, then it is in Ty™(rf and since (/3,t) G W;"^^^(^-"(C, 2); ^) then 

proving the lemma. □ 

Combining the above two lemmas the proof of the proposition is now 
complete. □ 

Now we are ready to prove Theorem B. 

Proof of Theorem B. Fix positive constants, 7, 7, A, (3 such that 

1/2 < 7 < A < /3 < 1 < 7-^ < 2. 

We consider an arc of C^-diffeomorphisms {/ie}eG[o.eo]' '■ M ^ M such 
that /iQ = id and for each e > the map has two hyperbolic fixed points 
p = p(e) and q = q[e) such that p is a sink, q\s & source, 

W^(p,/i,)rhVF"((?,/i,)/0, 

and d(p(e),g(e)) ^ as e — ?• 0. We also assume that there are pairwise 
disjoint neighborhoods Dcs = -Dcs(£) and Dcu = Dcui^) of p and q such that 
the restrictions /i^ : Dcs D^s and h^^ : Dcu — ^ Dcu are (A, /3)-Lipschitz 
maps. 

The next useful lemma tells us how to obtain the covering property from 
perturbations of a single map. Compare to [NP12, Prop. 3.2]. 

Lemma 5.9. Let (pi : D ^ D be a {X, I3)-Lipschitz map with z^" < A < /3 < 
1. Then there are a natural number k, an open neighborhood B of the fixed 
point of (pi and translations (in local coordinates) (p2, ■ ■ ■ ,(pk of (pi such that 
B C (pi{B) U • • • U (pk{B). Consequently, the one-step map 

<^> = T<K{(Pi,...,(P,)eSl'l^iD) 

has a symbolic cs-blender whose superposition domain contains B. 
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We observe that the number k of translations of (pi depends on the di- 
mension of M and the contraction bound A of 

Proof of Lemma 5.9. This result is a consequence of Theorem A. Consider 
the open ball Bi,{p) C D oi radius e > centered at the fixed point p of 
Note that there are k = A;(A, dimM) > and points di = p and di € Bi,{p)^ 
i = 2, . . . ,k, such that 

Be{p) C B,^{di)UBx^{d2)U---UB,^{dk). 

Now take (in local coordinates) the translations oi (pi, i = 2, . . . ,k, such 
that Bxi;/2 {di ) C (pi {Bf, (p) ) . Then the choice of the points di and the inclusion 
above imply that Bf,{p) C (pi{Bi,{p)) U • • • U (pk{B^(p)). Thus the one-step 
map $ = r IK {(pi, . . . , (pk) satisfies Theorem A and therefore it has a symbolic 
cs- blender with Bir{p) contained in the superposition domain. □ 

Going back to the proof of the theorem, by Lemma 5.9 there are k (depends 
only on A and the dimension of M) and open sets B^s C Dcs, Bcu C Dcs 
containing p and q respectively such that 

B;rsC(Pl{B,s)U---U(PUBcs) and C ^^Bcs) ^ ■ ■ ■ ^ <PUBcs) 

where (pl = he on Dcs, (pi = on Dcu and 0| = 0|, are, respectively, 
translations of <j)\, (p\ for all i = 2, . . . , A; (which depends on e). 

Set (pi = he and let (pi be (7, 7~-'^)-Lipschitz C^-diffeomorphisms on M 
such that (pi\j)— = (pl and (pi\j) — = {4>i)~^ for aW i = 2, . . . ,k. Note that 

k k 
^ C U (P^{Bcs) and C U (p-\Bcu) 

i=l i=l 

and 

^ = rK{(Pi,...,(P,)e Sl'l^^^jDcs) n Sl'l^^^jDc^) 

with Acs = A, f3cs = /3, Xcu = P'^ and /3cm = 

Now let us build a transition map between the regions Dcs and Dcu- Fix 
a small e > and consider the map, in local coordinates, ip{x) = x + q — p. 
From the choice of p and q, it holds if = (p^ goes to the identity when e ^ 0. 

By hypothesis, F has a Small horseshoe A. We consider a natural number 
i such that F^\a is conjugated to the full shift of d symbols with d > A: -|- 1 
and we take Ri,...,Rd rectangles in the ambient manifold such that 
{Ri n A, . . . , Rd n A} is a Markov partition for -F^|a. Moreover, assume that 
for every unit vectors v and w in the stable and unstable direction of A 
respectively it holds 

^l<\\DF\v)\\<l' and fi < \\DF-\w)\\ < 1^ 

for some positive constant /i < < z^" < 1/2 being a = log i^/ log ^ € (0, 1]. 

We now modify /o = -F x id in fQ~'^{Ri x M) to get a one-parameter family 
of diffeomorphisms satisfying 

felRixM = >i (pi ioi i = l,...,k 

fe\R,.xM = F^ Xif for i = k + l,...,d. 
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Note that the locally constant skew-product diffeomorphism restricted to 
the set AxM is conjugated to the partially hyperbolic symbolic skew-product 

In fact, from Proposition 5.2, for every small enough C^-perturbation g of /g, 
the iterate has an invariant set A = A x M such that g^\A is conjugated 
with a (S^'"-perturbation gi of ^'g. 

Observe that ^'^ satisfies the assumptions in Proposition 5.5: the maps 
have the the covering properties in the regions Bcs,Bcu, and the transition 
maps between these domains are created via the map (p and using the hy- 
pothesis that W^{p,h^) iti W^{q,h^) ^ 0. Then the symbolic skew-product 
has a 5^'"-robust symbolic cycle associated with symbolic blenders. 

Hence, according to Proposition 5.2, using the conjugation, /| has a C^- 
robust cycle associated with hyperbolic sets P^* and P™ for that come 
from the symbolic blenders. To compute the co- index of this cycle note that 
the (stable) indices of P^* and P^" are, respectively, Ind(A) -|- dim(M) and 
Ind(A). Thus, the co-index of the heterodimensional cycle is equal to the 
dimension of M. 

The one-parameter family may be taken so that the same conclusions of 
a heterodimensional cycle with the above co-index between two hyperbolic 
sets can be made for the map f^. This ends the proof of the theorem. □ 

5.3. Robust mixing: proof of Theorem C. We will build robustly mix- 
ing examples of symbolic skew-products. One of the classical ways to create 
robustly transitive diffeomorphisms is to construct a map that robustly has a 
hyperbolic periodic point with dense stable and unstable manifolds. Hence, 
using the inclination lemma (or A-lemma) one concludes the the diffeomor- 
phism is robustly topologically mixing. We will do the same here for the 
symbolic case in the following theorem. 

Theorem 5.10. Let $ G VHS2°'{M) he a one-step map with d > k. As- 
sume that the restriction 

^ = ^ISfeXAf = r X (</>!,... 

has a symbolic cs -blender C S^xM whose superposition domain contains 
an open set B C M satisfying that B C (pi{B) U • • • U (f)k{B). 

Assume that there exists an attracting fixed point o/0i and a repelling fixed 
point o/(/)fc_|_i, both in B, having respectively stable and unstable manifold C"^- 
robustly dense in M . 

Then, there exists a fixed point {"djp) G for $ such that its stable and 
unstable sets, 

W'{{^,p);^) and W''{{^,p);^), 

are S^'"-robustly dense on x M. 

Consequently ^> is S^''^ -robustly topologically mixing. 

The next sequence of propositions are necessarily to prove the above the- 
orem. The first proposition shows how to enlarge the topological dimension 
of the closure of the strong unstable set of a blender via a fiber-repelling 
fixed point. Compare to [BDV05, Lemma 6.12]. 
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Proposition 5.11 (Blender activation). Let $ G VnS^^°'{M) be a one-step 
map in the hypothesis of Proposition 4-9. Assume that there exists a fiber- 
repelling fixed point {v,q) of $ in x B. Then for every small enough 
S^'" -perturbation ^ of ^ it holds that 

where is continuation ofV^ for ^ = vE'Ie^xM- 

Proof. Consider a small ^'''"-neighborhood V of $ such that for every ^ G V 
Cu" < 6 where C = C^(l — 7~^z^")~^ and (5 > is given in Proposition 4.9. 
Moreover, we can take 6 small enough such that B2s{q) C B. 

Let ^ G V and consider x) G W'^{{v,q^);"^). Let V be an open 
neighborhood of {(,,x). In order to prove the proposition we need to show 
that the global strong unstable set of meets V. Since x) converges 

to {v,q^) € 'Ed X B then for n large enough we have that Bs{^~"'{(,, x)) C 
Sfc X B. Now, we define 

hn : Wf,,{r-^C);T) ^ M, h{C) = ^ o >&-"(r"(C),x) = 

Let Hn be the graph set of /i„ and notice that for n large 

HnC^-''{{WiUC;T)x{x})nV). 

Claim 5.12. For n large enough, Hn is a 5-horizontal disk in T,^ x B. 

Proof Let C;C' S W;'^^(r~"(^); r) be two bisequences with dsfe(C>C') = 
Applying Lemma 4.2 to t"((^), r"(C') and the point x, we obtain 

l|/in,(C) - hn{C')\\ = " (^) II 

j=o 

Hence, from the choice of 6 we have proved that h is (q, C)-Holder continuous 
map with Cz^" < 6. On the other hand, for n large enough Hn C T,^ x B 
and therefore we conclude the proof of the claim. □ 

From the above claim and Proposition 4.9, for n large enough, 

VFroc(rf;^')n/7„/0. 

This implies that 

/ VF""(Ff ; ^) n ^"(if„) C VF""(Ff ; i>) n {Wil^{^; r) x {x}) n V 

and completes the proof of the proposition. □ 

The following lemma shows how to construct a one-step map having fixed 
points with the stable or unstable set robustly dense. 

Lemma 5.13. Let^ = rxcp^ eV'HS'^'''{M) be a one-step skew-product map 
with a fiber-repelling / attracting fixed point {v,q) such that the unstable/stable 
manifold of q for is C^-robustly dense in M. Then the unstable/stable 
set of {v, q) for <I> is S^''^ -robustly dense in x M. 
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Proof. Consider a 5 '"-perturbation ^ = t t< of ^. We will prove that the 
unstable set of the fiber-repelling fixed point {v,q^), continuation of {v,p) 
for is dense in x M. Similarly follows for the case of the fiber-attracting 
fixed point and its stable set. 

Let C X y be any basic open set in x M. By the density of the unstable 
set of V for r on S^, there exists ^ € C fl W^{v; r) and so for n large enough 
r~"(^) is close to v. For the fiber maps ■0c with ^ close enough to v, there 
exists the fiber-repelling fixed point ^, which is the continuation of q^. 

Let V be the closure of a non-empty open set in V. Fixing n, observe that 
for every m > 1 it holds that 

where "0,— i^^—ji^^)) is C^-close to and thus also to (py. Since by hypothesis 
the unstable manifold of q for (py is C^-robustly dense in M, the same holds 
for the fixed point q^ ^-i(^_n(g)) with respect to the maps ?/^^-i(^-n(g)). 

By the continuous dependence of compact pieces of the unstable manifold 
with respect to the fiber diffeomorphisms, we may assume that for all m > 1, 
the unstable manifold of q^ ^_m^^_„^^^^ intersects ^/^""^^^^(l/). 

Thus for each m > 1 there is the point Xm which belongs to the intersection 

Since V is closed we may assume that the sequence {xm} converges to a 
point X in ■ip~!!i^^^{V) C By the Holder continuity of fiber maps 

on the base sequence, q^ ^-m(^-n(g)) tends to q^jl, and then it is not hard to 
show that \['~™~"(r~"(^), x) goes to {v,q^) as m ^ oo. Thus 

i>^{T-^{0,x) G (C X V)nWmv,q^);i'), 
concluding the proof of the lemma. □ 

The following proposition demonstrates how to create a symbolic cs- 
blender with a dense strong unstable set. 

Proposition 5.14. Let $ E VT-LS]^'^ {M) he a one-step in the hypothesis of 
Proposition 4-9 with d > k. Assume that the fiber map (pk+i has a repelling 
fixed point in B with the unstable manifold -robustly dense on M. Then 
for every small enough S^'°' -perturbation of ^ it holds that 

W«»(rf = X M 

where is the continuation ofV^ for ^ = ^'Ie^xM- 

Proof. Let q € i? be the repelling fixed point of (j)k+i- Observe that (v, q) is 
a fiber-repelling fixed point of $ in x S where v = {vi)i£z £ '^d is the 
bi-sequence with Vi = k-\-l for all z € Z. By Proposition 5.11 it follows that 
for every small enough <S^'"-perturbation of 

By Lemma 5.13, W^{{v,q^); ^) is dense in x M implying the density of 
the strong unstable set of for □ 
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Lemma 5.15. Consider a symbolic skew-product <l> € VHSj^^{M) and let 
r C Srf X M he a ^-invariant set such that 

r C VF"«((^9,p);4>) 

where {'d,p) is a fixed point of ^. Then W^{T; l>) C T^""(('!?,p); $). 

Proof. Consider x) € W^'^iT;^) and let V be an open neighborhood of 
x). In order to prove the lemma we need to show that the strong unstable 
set of the fixed point meets V . Since x) belongs to the global strong 

unstable set of F and T is ^-invariant set then there are n G N and {Q, z) G F 
such that G W^;^^((C, l>). Hence 

l>-"(F)nVF,r((C,^);^>)/0. (5.8) 

Since the global strong unstable set of {'&,p) lies densely in F then there 
exists a sequence a;'^'^''))^ C l>) converging to (Cj-^)- 

According to Proposition 4.8, the local strong unstable set VF;q"((^, x); 
varies continuously with respect to {^^x) and so Wl^^{{^^^\x^^'^)]^) con- 
verges to VF;q"((C, z)] $). Since 4>~"(F) is an open set in x M, then this 
convergence and (5.8) imply that for k large enough 

Therefore, 

^vr}^'^{wi'^M^^\x^%^)) c yn;y""((^9,|3);'l), 

completing the proof of the lemma. □ 

Now, we are ready to give the proof of Theorem 5.10. 

Proof of Theorem 5.10. Let us denote by ('!?,p) and (?J,(?), respectively, the 
fiber-attracting and fiber-repelling fixed points of ^ in x S where the 
bi-sequences -d = ('!9j)jez and v = {vi)i£z are given by = 1, f j = /c -|- 1 for 
all i £ 7j. Observe that {^,p) belongs to F^'*. 

Since by hypothesis the stable manifold of p for (pi is C^-robustly dense on 
M, then we can apply Lemma 5.13 to conclude that the stable set of (??,p) 
for ^ is 5^'"-robustly dense on x M. 

Moreover, from Theorem 2.9, (see also Proposition 2.6), it holds that the 
strong unstable set lies 5^'"-robustly dense in F^'^. Therefore, by Lemma 5.15 
it follows that 

VF""(Ff ;$) C VF«((^?,p);d) 

in a 5^'"-robust sense. 

By Proposition 5.14, the strong unstable set of F^" for ^> is 5^'"-robustly 
dense on Ti^ x M and thus we obtain that the unstable manifold of (i?,p) 
also lies 5^'"-robustly dense in Ti^ x M. 

Therefore both the stable and unstable sets of {'&,p) are 5"'^'"-robustly 
dense in Ti^ x M. 

In order to conclude the proof of the theorem we need to prove that $ 
is iS^'^-robustly topologically mixing. Let ^ = r x -i/^^ be a perturbation of 
4> and {'0,p^) the continuation of the fixed point (??,p). Consider a pair of 
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open sets U and V in T^d x M. By the density of the stable and unstable 
sets of for we can take two points 

{r^,y)<-W'{{^,p^);i>)nU and (C, z) G ^) n 

Fix e > 2e > small enough and assume that ^ belongs to a small pertur- 
bative neighborhood of ^> such that C^(l — 7^^z/")~^ < e and 

Wr^'M^x); C Srf X for all {i,x) G x (5.9) 

Since {Q^z) belongs to the unstable set of {-Q^p^) and by Lemma 4.2, it 
follows that for every n large enough and ^ G ''") with dsfc(^) C) ^ 

we have that 

||^;_",(^)(^) -P^ll < ||V^;_",(^)(z) - + ||V';-".(^)(^) -P^ll 

< C^(l - 7-V°)-i + e < 2e < e. 

By continuity, we can take an open set V \n M and a cylinder C in 
around of C, of large enough length n such that C x V C V and 

w^roc(^-"(C);r) X c *-"((VFf„,(C;r) n c) X F) c ^-"(y). 

On the other hand, since {r], y) belongs to the stable set of (19,^^) it follows 
that tpl^iy) G B^ijp^) for all m large enough. Hence, (5.9) implies that for 
every m large enough 

c i>''^{wz{{ri, y); ^)nu)n i^-^iv). 

Therefore, for all n and m large enough ^"+'"(;7) n F 7^ 0, proving that ^ 
is topologically mixing. □ 

Observe that diffeomorphisms that have fixed points with robustly dense 
stable/unstable manifolds can be constructed on any manifold M by pertur- 
bations of time-one maps of gradient-like vector fields. This completes our 
objective in building robustly mixing examples in the set of symbolic skew- 
products (compare to [Homl2, Lemma 4.1] and the application in [HXll]). 
Lastly we conjugate these examples with partially hyperbolic sets on mani- 
folds. 

Proof of Theorem E. The construction of an arc of diffeomorphisms on x 
M with robustly topologically mixing non-hyperbolic sets is similar to the 
proof of Theorem B. Thus we will just note the main differences. 

As in Theorem B, we modify /o = -F x id to get a one- parameter family 
of diffeomorphisms satisfying 

/e |i?,xM = -F^ X 0i for i = 1, . . . , fc 

/e |r,xA/ = F^ yap iovi = k + l,...,d 

The maps (pi = (pi^^ for i = 2, . . . ,k are obtained from Lemma 5.9 as small 
translations (on local coordinates) of a C^-perturbation (pi = (pi^^ of the 
identity map with an attracting fixed point p with unstable manifold C^- 
robustly dense in M. 

Moreover, the the iterated function system generated by (pi, . . . ,(f)i. satis- 
fies the covering property in an open set B^s with p G Bcs- The map ip = ipi. 
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is a C -perturbation of id with a repelling fixed point in Bcs whose unstable 
manifold is C^-robustly dense on M. 

Notice that the restriction of /^f to A x M is conjugated to 

= r K (01, . . . , (/.fc, . . . , (^) G VnsY{M). 

This partially hyperbolic one-step satisfies the assumptions in Theorem 5.10 
and thus is 5^'"-robustly topologically mixing. By Proposition 5.2, via 
the conjugation, it follows that /^IaxM is C^-robustly topologically mixing 
and thus the same holds for /^IaxM- 

To show that A x M and its continuations (for small C^-perturbation 
of /e) are non- hyperbolic sets, let us observe that the map $e by construc- 
tion has fiber-repelling and fiber-attracting fixed points. Therefore, via the 
conjugation, the topologically mixing sets on the manifold N x M will 
have periodic points of (stable) index Ind(A) -|-dim(M) and of index Ind(A), 
thus proving the non-hyperbolicity of these sets. 

This completes the proof of the last theorem. □ 
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